The problem of natural wave control involves steering a lattice of oscillators towards a desired natural (i.e. zero-input) assignment of energy and phase across the lattice. This problem is formulated and solved for lattices of linear oscillators via a passivity-based approach. Numerical simulations of 1D and 2D linear lattices and a 1D lattice of nonlinear oscillators confirm the effectiveness of the proposed controls.
properties lost, for example, the breather/soliton existence phenomenon can be analyzed in nonlinear framework only [21] (that is an important area of research in physics initiated by Fermi-Pasta-Ulam (FPU) numerical experiments [6] , [22] ).
However, as the first step for the problem formulation and a preliminary solution presentation, the lattices of linear oscillators are very useful, as we are going to show below.
In this work the problem of wave control is addressed. The existence conditions of solitons or breathers were intensively studied before, here we attempt to solve the problem of a given wave excitation starting from any initial state of a lattice. Such a control can be important for researchers working experimentally with different waves for their analysis, as well as for understanding how these waves arise in nature.
The proposed solution to the problem is based on transformation of the system to a canonic form followed by spectrum localization. The idea is to excite the desired modes in order to ensure a required oscillation amplitude and phase resetting for the prespecified vertices. Our approach to control design uses the speed-gradient method proposed in [9] , [10] and extended to control of oscillations and partial stabilization in [34] , [35] . The essence of the speed-gradient method is in evaluation of the speed Q ɺ of variation of the given goal function Q along plant trajectories, and changing the control variables in the direction of gradient of Q ɺ with respect to the control.
The outline of the paper is as follows. The lattice equations and the problem statement are given in section 2. The control design is performed in section 3. The results of application for 1D and 2D lattices, as well as for a 1D nonlinear FPU lattice, are presented in section 4.
II. PROBLEM STATEMENT
Consider 1D lattice of linear oscillators (the symbol 1, n denotes the sequence of integers 1,..., n ): 
,
where R Ω ∈ is the lattices "frequency", 
in 1D and 2D cases respectively. The ND case (N > 2) can be treated similarly.
The systems (1), (2) 
Then there exists a linear transformation of coordinates = z Rs with nonsingular R composed by right eigenvectors of the matrix A (this matrix is symmetric from (1), (2) and has l independent eigenvectors) such, that the systems (1), (2) can be represented in the canonical form:
For each 1, k l = the system (3) is called the normal mode of (1), (2) . Actually the system (1), (2) has the same form as (3) with an additional coupling of neighbors and the control acting just on one layer in the lattices. In (3) all oscillators are uncoupled with the control influencing on all modes directly. The representation of lattices (3) indicates that in the uncontrolled case ( 0 = u ) the systems (1), (2) solutions are purely oscillating:
, , ,
φ are real constant parameters determined by initial conditions for 1D and 2D cases respectively. Any such solution (4) for all admissible set of parameters we will further call a natural wave for the lattices.
Motivation of the term "natural" is that such waves exist in (1), (2) 
for all 0 t ≥ in 1D and 2D cases respectively, where , 
ϕ are admissible for the chosen sets V and F , that follows from the lattice topology). In other words, the solutions (5) belong to the natural waves for (1), (2) . From physical point of view, it is necessary to ensure the lattice oscillations of a predefined spectrum with a given profile of the wave front.
Then, it is required to design a control u such that
Thus we are looking for the control that excites a predefined natural wave for the lattices (1) or (2) with the fixed behavior of hal-00704714, version 1 -6 Jun 2012
the vertices in the set V , i.e. a wave of a given spectrum with predefined shape. Since the wave is natural, in this case may be
It is assumed that the state of the lattice is accessible for measurements, i.e. ,1
III. MAIN RESULT
To solve the posed problem, a decomposition to two subproblems with two different subgoals is proposed. The first one consists in spectrum F localization, i.e. it is necessary to eliminate all oscillating modes in the system corresponding to the frequencies not included in F and to excite the desired modes k ∈ F in order to ensure the required amplitudes of oscillation ( ) A ⋅ for the vertices given in V . The second subgoal is the phase resetting for the vertices V (the desired phases ( ) ⋅ ϕ have to be assigned), this objective deals with the wave coordination in time and space. Having the same spectrum the waves can have different forms ("standing" or "running"), the wave form can be assigned by coordination of phases for the nodes in V . These subgoals are independent, and in general case achievement of one of them does not necessarily imply achievement of another goal. Let us consider two solutions of these subproblems utilizing the special form of (3).
A. Spectrum localization
This problem can be stated and solved for the canonical representation of the lattices (3). Each normal mode in (3) has energy or Hamiltonian function
with the time derivative
Then the problem of the spectrum localization can be solved by stabilization of the desired values for the energies
, which we further assume given as follows: 
be the set of all normal modes indices with the same frequency. The proposed control design is based on speed-gradient approach [9] , [10] , [34] , [35] with the energy-based goal function
T heo r em 1 . For any
where
be linearly independent, then (3) , (6) 
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has all eigenvalues with positive real parts. 
). To prove that in the case ( 0 ) 0 ≠ H the oscillations never die under (6) consider the system (3), (6) linearization at the origin (the origin corresponds to the case 0 = H ): 
(owing (6) the converse trivially holds and 
This condition is always true for 1D case, since in this case all sets k S , 1, k l = contain just one element (all frequencies are distinct).
B. Phase resetting and wave control
This problem can be solved for the canonical representation (3) and for the systems (1), (2) directly. In this work we will focus our attention on the case (3) only.
The desired phases , x is reduced to the problem of phase resetting for the modes k ∈ F in (3).
Each normal mode in (3) for 1, k l = can be rewritten in action-angle coordinates [26] ,1 ,2
where k I R + ∈ and [ 0, 2 ) 
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The problem of phase resetting can be easily solved for (7) applying approach similar to the presented in theorem 1, but we are more interested in simultaneous solution of the spectrum localization and phase resetting problems, i.e. we will assume that the desired values linearly independent as it is claimed in the theorem conditions. We arrive at the contradiction, the sets R , P are empty and the system (7) is (strongly) observable with respect to the output ψ . shown in Fig. 1,c 
B. 2D lattice
The results of the control (8) application for 2D lattice with 10 n m = = is presented in Fig. 2 
C. FPU nonlinear lattice
Finally consider a nonlinear 1D lattice from the FPU experiment [4] , [22] :
where 0 α > is a parameter, and all symbols have the same meaning as previously. The difference between (1) and (9) consists in appearance of the nonlinear coupling proportional to α . The system (9) admits soliton or breather solutions.
Let us apply to (9) the controls developed for the system (1) to demonstrate that the linear approximation of lattice oscillations is rather reliable. To this purpose, we chose the same parameters of the system (9) as for (1) 2.14 ω = is chosen into the set F , the desired value of the corresponding phase is / 2 π . The results of the lattice (9) simulation are shown in Fig. 3 . In Fig 3, Comparing the results presented in figures 1 and 3 note that the convergence of r H in the FPU case is less monotone but still takes place, while the phases r ϕ do not approach a constant values except the one from the set F (for the nonlinear case the phase definition and its dynamics are more complicated, formally the frequency of oscillations in (9) depends of the system current energy). Nevertheless, the control converges to zero asymptotically. These results demonstrate that the proposed wave regulation approach is rather robust, and it is relevant for weakly nonlinear lattices also (even if the deviations from the steady state have significant amplitudes).
V. CONCLUSION
The problem of natural waves stabilization at the desired energy levels for lattices of linear oscillators is posed and solved. Passivity-based approach is used to derive the control algorithms. Analytical applicability conditions of the method are established. Simulation results confirm efficiency of the proposed methodology.
Interestingly to note, that it is hard to solve the posed problem for the original linear systems (1) or (2). However, applying the nonlinear transformation we obtain a straightforward solution for the nonlinear representation (7). The proposed control law is also nonlinear. The phase resetting problem is addressed.
Some preliminary results of application of the proposed method to a nonlinear FPU lattice are reported. A theoretical extension of the proposed approach to nonlinear case is rest for a future work.
